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Abstract
We study quasimonotone increasing linear mappings in finite-dimensional spaces of real
polynomials, ordered by the cone of nonnegative polynomials on R. In particular, we prove
a representation of the space of quasimonotone increasing and decreasing operators, which
turns out to have dimension 3 or 4. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let .E; k  k/ be a finite-dimensional real Banach space ordered by a wedge K.
A wedge K is a closed convex subset of E such that x 2 K ) x 2 K . > 0). A
wedge K is called a cone if .−K/ \ K D f0g. The space E is ordered by x 6 y ()
y − x 2 K , and we write x  y for y − x 2 Int K . The dual wedge of K, denoted by
K, is defined as the set of all continuous linear functionals ’ on E such that ’.x/ >
0 (x > 0). The wedge K is called solid if Int K 6D ;. Let L.E/ denote the space of
all endomorphisms on E, ordered by the wedge eK VD fT 2 L.E/ V T .K/  Kg.
Let D  E. A function f V D ! E is called quasimonotone increasing (in the
sense of Volkmann [4]) if
x; y 2 D; x 6 y; ’ 2 K; ’.x/ D ’.y/ H) ’.f .x// 6 ’.f .y//:
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Let QC VD fT 2 L.E/: T is quasimonotone increasingg and Q VD .−QC/ \ QC.
As a consequence of results on differential inequalities [4] it is well known that
T 2 QC () exp.tT / > 0 .t > 0). Hence T 2 Q () exp.tT / > 0 .t 2 R).
From common properties of the exponential function it follows that QC is a wedge,
and Q is a subspace of L.E/ (and moreover a Lie algebra when endowed with the
usual Lie bracket TT ; SU D T S − ST ).
Characterizations of QC and Q are well known for the natural cone Knat VD
fx 2 Rn: xj > 0 .j D 1; : : : ; n/g, see, for example, [2]. For QC, Q for the ice-
cream cone Kice VD fx 2 Rn: xn > qx21 C    C x2n−1 g and for related cones such as el-
lipsoidal cones see [3]. In particular, if Rn is ordered by Knat, then Q is the set of all
diagonal matrices (hence dim Q D n) and in case of Kice a matrix A D .aij / is in
Q () aii D ajj .i; j D 1; : : : ; n/, aij D −aji .1 6 i < j 6 n − 1) and ain D
ani .1 6 i 6 n) (hence dim Q D .n2 − n/=2 C 1), see [3, Theorem 3.31].
In this paper, we consider RnC1 identified with the space Pn of all polynomials
p.x/ D a0 C a1x C    C anxn and ordered by the cone
K VD fp 2 Pn: p.x/ > 0 .x 2 R/g:
We will see that the case 2 j n is different from the case 2 j .n C 1/. First, note that K
is solid if and only if 2 j n. If 2 j n, then, for example, xn C 1  0. Therefore eK is a
cone if 2 j n. In case 2 j .n C 1/ the nontrivial operator T defined as .Tp/.x/ D an is
in eK \ .−eK/.
We now consider the following operators Ti 2 L.Pn/ .i D 1; : : : ; 4) defined as
T1 D I; T2p D p0; .T3p/.x/ D xp0.x/;
.T4p/.x/ D nxp.x/ − x2p0.x/:
We prove the following characterization of Q:
Theorem 1. Let Pn .n > 1/ be ordered by the cone K.
1. If 2 j n; then Q D spanfT1; T2; T3; T4g and dim Q D 4.
2. If 2 j .n C 1/; then Q D spanfT1; T2; T3g and dim Q D 3.
As a consequence of Theorem 1 we obtain:
Theorem 2. Let n > 1; gk 2 Pk .k D 0; 1; 2/; g2 > 0;  2 R and  > 0.
1. If 2 j n; then the operator T 2 L.Pn/ defined as
.Tp/.x/D.g0.x/ C nx C n.n − 1/x2/p.x/
C .g1.x/ − x2 − 2.n − 1/x3/p0.x/
C .g2.x/ C x4/p00.x/
is in QC.
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2. If 2 j .n C 1/; then the operator T 2 L.Pn/ defined as
.Tp/.x/ D g0.x/p.x/ C g1.x/p0.x/ C g2.x/p00.x/
is in QC.
2. Proofs
Let us start with some preparations. First, to each T 2 L.Pn/ there are polynomi-
als gk 2 PnCk .k D 0; : : : ; n) such that
.Tp/.x/ D g0.x/p.x/ C g1.x/p0.x/ C    C gn.x/p.n/.x/ .p 2 Pn/:
This can be seen by using Taylor’s formula [1] or by recursive definition of gk by
g0 VD T .1/, g1 VD T .x/ − xg0, g2 VD T .x2=2/ − xg1 − .x2=2/g0; : : : ; which leads
to a correct setting of the images of a base of Pn. The functions gk are uniquely
determined in P (the space of all polynomials).
Second, note that T 2 Q implies T 2 2 QC. This is proven in [2] in case that eK
is a cone, it also holds in case that eK is a wedge as can be seen from the following
proof.
Let T 2 Q; p > 0 and ’ 2 K with ’.p/ D 0. Then ’.Tp/ D 0 and therefore
0 6 2 lim
t!0
’.exp.tT /p/
t2
D ’(T 2p:
Hence T 2 2 QC.
Proof of Theorem 1. We first consider the operators Ti . Since dimPn > 2 we can
evaluate the equation
P4
kD1 ckTk D 0 for p.x/ D 1 and p.x/ D x and obtain c1 C
c4nx D 0 (hence c1 D c4 D 0) and c2 C c3x D 0. Therefore T1; : : : ; T4 are linear
independent.
Of course, T1 2 Q. The following identities can be verified by differentiation:
.exp.tT2/p/.x/ D p.x C t/;
.exp.tT3/p/.x/ D p.exp.t/x/;
.exp.tT4/p/.x/ D .tx C 1/np
 x
tx C 1

.p 2 Pn/:
If p > 0, then for i D 2; 3 it follows that exp.tTi/p > 0 .t 2 R) hence T2; T3 2
Q. Furthermore T4 2 Q in case that 2 j n. If 2 j .n C 1/ and p > 0, p 6D 0, then
exp.tT4/p =2 K .t 2 Rnf0g) hence T4 =2 Q.
Next, to prove that Q is spanned by the corresponding Ti consider an operator
T 2 QC with
.Tp/.x/ D g0.x/p.x/ C g1.x/p0.x/ C    C gn.x/p.n/.x/ .p 2 Pn/:
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For each x0 2 R the functional ’x0.p/ D p.x0/ is in K. For 2 6 k 6 n with 2 j k
and p.x/ D .x − x0/k we get
0 6 ’x0.Tp/ D kWgk.x0/:
Hence gk > 0 (k > 2; 2 j k).
We now let T 2 Q. We obtain gk D 0 (k > 2; 2 j k). We will prove gk D 0 .k >
2). Assume this is not the case and let
m VD maxfk > 2: gk 6D 0g:
We already know that 2 j .m C 1/. We now consider T 2. We have
(
T 2p

.x/Dg0.x/.Tp/.x/ C g1.x/.Tp/0.x/
C g3.x/.Tp/.3/.x/ C    C gm.x/.Tp/.m/.x/;
and there are polynomials h0; : : : ; hn such that(
T 2p

.x/ D h0.x/p.x/ C h1.x/p0.x/ C    C hn.x/p.n/.x/:
With the same argument as for T and gk above the polynomials hk are uniquely
determined. We obtain hmC1 D q C 2g1gm, where q is a polynomial determined by
the gk with k 6D 1. Hence for T − T2 (which is in Q . 2 R)) instead of T, and
since .T − T2/2 2 QC we obtain
hmC1 D q C 2.g1 − /gm > 0 . 2 R/:
Hence gm D 0, which is a contradiction. We now know that each T 2 Q has the
form .Tp/.x/ D g0.x/p.x/ C g1.x/p0.x/ and since T1; T2; T3 2 Q we can assume
without loss of generality that x j g0 and x2 j g1 since we can remove the constant
term of g0 and the linear term of g1 by adding suitable scalar multiples of T1; T2 and
T3 without leaving Q. Consider
g0.x/ D a1x C    C anxn; g1.x/ D b2x2 C    C bnC1xnC1:
Let j 2 f1; : : : ; ng. Then
T
(
xj
Da1x1Cj C    C anxnCj C jb2x1Cj C    C jbnC1xnCj
D.a1 C jb2/x1Cj C .a2 C jb3/x2Cj C    C .an C jbnC1/xnCj :
Then, if k > 1, we get ak C jbkC1 D 0 for at least two j’s which implies that ak D
bkC1 D 0. For k D 1 it follows that a1 C nb2 D 0. Hence T D −b2T4. 
Proof of Theorem 2. Since T2; T3 2 Q we obtain for  2 R,  > 0:
S VD .T3 − T2/2 − .T3 − T2/ C
(p
T2
2 2 QC:
Since .Sp/.x/ D ..x − /2 C /p00.x/ we obtain that p 7! g2p00 is quasimonotone
increasing. Hence T defined as
.Tp/.x/ D g0.x/p.x/ C g1.x/p0.x/ C g2.x/p00.x/
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is in QC. In case that 2 j n in addition T4; T 24 2 QC. Hence T defined as
Tp D g0.x/p.x/ C g1.x/p0.x/ C g2.x/p00.x/ C .T4p/.x/ C .T 24 p/.x/
is in QC. Since(
T 24 p

.x/ D n.n − 1/x2p.x/ − 2.n − 1/x3p0.x/ C x4p00.x/
the operator stated in part 1 of Theorem 2 is in QC. 
3. Final remarks
We have characterized Q (Theorem 1) and a part of QC (Theorem 2). A char-
acterization of QC would be interesting and is unknown to our knowledge. The set
QC contains more operators than Theorem 2 assures. Each monotone operator is in
QC and, for example, .Tp/.x/ D an is monotone but is, for n > 2, not represented
by the operators in Theorem 2.
As a final example, let us consider n D 4, g0 D g1 D g2 D 0,  D 0 and  D 1 in
Theorem 2 1. The corresponding operator is
.Tp/.x/ D 12x2p.x/ − 6x3p0.x/ C x4p00.x/:
The Cauchy problem
ut .t; x/ D 12x2u.t; x/ − 6x3ux.t; x/ C x4uxx.t; x/;
u.0; x/ D u0.x/ D 1 C x2
has the solution u V R2 ! R; u.t; x/ D .exp.tT /u0/.x/ and, since T 2 QC, the
polynomial x 7! u.t; x/ is nonnegative on R for each t > 0.
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